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Limits at Infinity; Infinite Limits

Lecturer: Xue Deng




Problem Introduction

How to find lim f(x), lim f(x) and lim f(x) ?

X—>+00 X—>—00 X—>0

[ X —> 400  xtends to positive infinity

Q 1 X — —o0 X tends to negative infinity

| X—> o0  xtends to infinity



Definition Limit as x — +oo

Let f be defined on [c, + o) for some number c. We say that
lim f(x) =L if for each & >0 there Is a corresponding number

X—>+00

M such that
x>M =|f(x)-L|<e




Definition Limit as x —» —o

Let f be defined on (—o,c] for some number c. We say that
lim f (x) =L if for each £ > 0 there Is a corresponding number

X—>—00

M such that
x<M =|f(x)-L|<e.




Definition Limitas x — «

Let f be defined on (—oo, +o0). We say that lim f (x) = L

X—>0

If for each & > 0 there Is a corresponding number M such that
X|>M =|f(x)-L|<¢

Note: lim f(x)=L < lim f(x)=L = lim f(x)

X—>0 X—>+00



Geometrical meaning of lim T(x) =L

X—200

Ve>0, IM >0, when|x|[>M, we have

| f(X)—Lke<=L-es<f(X)<L+¢

Yt
y=1(x)

—
+
M

|I_




Definition Limit of a Sequence

Let a, be defined for all natural numbers greater than or equal to
some number c. We say that lima_ =L if for each ¢ >0 there Is a

N—o0

corresponding natural number M such that

n>M =la, —L|<e.




Definition Infinite Limits

We say that lim f (x) = +oo If for every positive number M, there exists

X—c"

a corresponding 6>0 such that
O<x—-Cc<o= f(X)>M




Example 1

Find Iim

3Xc +2x -1

x>0 X° —3X+5

lim

<

a X" +aX" +---+a_

xo X" +b X"+ b

=

3
D
0

. 0O

ﬂote: (a, #0,b, # 0,m,n are nonnegative integers)

Nn=m

n>m

n<m




Example 2
X°—2X+5

Find llm ——————(2 + cos x — 3sin Xx).
B 3X + 2X + 3

3
s lim > —2XFo |2+cosx—3sinx| <6

4 oe3x 4 2x+3

3_
- lim = 2X+> (2+cosx—3sinx) =0 .

 xoo 3% 42X+ 3




Example 3

sinX

Prove |lim—— = Y
_sinx
y‘ For V¢ > 0, inorder to MX_ol<e AN o /:(
X U0 U T T %
i i 1 . 1
SINX o= 2M2) < = justneed — <& Qet|X|
X X | X | | X |

1
namely [x|>=, letM ==, when|x|> M,
E E

< ¢, then Iim% =0.

X—0 X

SIN X
— -0
X

we have




Example 4

. n+ (="
Prove that Ilm#:l.
N—o0 n
‘ . n-1 . n-1
n N n
1 1
let |a, -1 <&, we have —<eg orn>—
n £
1
choose M = [—} whenn> M,
&
_1\n-1 _\n-1
we have n+ (D -1 <& namely, lim n+(1) =1.

n

N—oo n




Example 5

- ) | - _—
Prove limsin= doesn't exist. /\ | f.\l
x—0 X ZL( y=sm;

Y 4 Let{xn}z{—},sollmsmi:hmsmnﬂz J \4 \/

Nz N—>00 X N—>00
7 2 4

Let {x,} = L { then limsin— = limsin 221 7 — Iiml:@

-\

4n +17[ N—o0 Xr’l N—o0 2 n—>o0
" 2 / 1
The two limits are not the same, SO Iing sin — doesn't exist.
X—> X

X >0,x >0 (n—> x)



Summary of Limits at Infinity and Infinite Limits

Ejlim f(X)=L < Ve >0,3M > 0,5t x>M = |f(x)—L|<e
@Xlim f()=L < Ve>03IM>0,stx<M=|f(x)-L|<e
Ej imf(x)=L ©Ve>0, IM>0, st|x>M=|f(x)-L|<e

mnILTa”:L©V5>O’ M >0, st.n>M =|a, - L|<e.



Questions and Answers

N—>00

ot Find fim =+ Ly 2|
-3 3-5 (2n-1)(2n+1)

| 1 1
2n-1 2n+1




Questions and Answers

. . X+1
2: Find lim———,
5 2 X° —5X+6

= (-

4 @ tim— 2+
=2 (X=2)(x=3)

: X+1
@ lim =k (=

. The limit does not exist!




Questions and Answers

Q3: Prove that Ilmﬁ =0.

n>o N 4+ n+1

&‘ Ve>0,3 M = E} such that n > M, then
E

-1 | L 3n-1 <3_n:§<g
N> +n+1 n>+n+1 n° n '

namely, lim sn—1 =0.

- N 4+ n+1




Questions and Answers

2 —
Q4: Prove lim X =1 _1.
X—)+ooX _|_1

2

\J A _
& E when x > 0, we have X2 1—1
X

° 2
Ve >0, inorderto X —1 —1| < &, need X—<g get X

2
x>,/— let M = \f when x > M, we have

X° —1 NG
—1<—<5. lIm
X +1 X x—>+ooX _|_1




Limits at Infinity Infinite Limits




